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Abstract The Yule-Nielsen equation has been found to model
tone and color reproduction quite well in many halftone

An empirical model has been developed to describe tongystems'®Again R andR, are reflectance values of the
reproduction in halftone imaging. The model is basednk and the paper. However, the Yulefactor” does not
on experimental measurements of the image microstrucelate uniquely to a single physical property of the sys-
ture of halftone gray scales produced by offset lithogratem. Rather, it is an empirical constant that is selected
phy, thermal transfer, ink jet, and silver halideto provide the best fit between measured valudsarid
photography. Both traditional and stochastic halftond~;. Values ofn that fit well with experimental data are
patterns are described by the model. Like the Yuletypically found to fall in the range4 n < 2.5 However,
Nielsen model, which contains an arbitrary constanfin interesting property of the Yule-Nielsen equation is
called the “Yulen factor”, the model developed in the that asn approaches infinity, the numerically calculated
current study is derived from the Murray-Davies equa+elationship between image density= —logR), andF;
tion. However, the current model contains two empiri-becomes lineat.In other words, the Yule-Nielsen equa-
cal parametersy andv. Thew factor relates to the optical tion seems to become something like the Beer-Lambert
spread function of the paper relative to the spatial frelaw asn approaches infinity. Intuitively, this seems to
guency of the halftone dots. Thefactor relates to the suggest that the Yule-Nielsen equation, though empiri-
distribution of colorant within the dot. The Yule-Nielsen cally derived, may reflect some fundamental theoretical
model describes only the relationship between the medsehavior of the ink and paper system. However, two obser-
reflectance R, of the halftone image and the dot areavations suggest that the Yule-Nielsen expressionygh a
fraction,F;. The current model describBsrersus=jand  useful and close approximation to halftone behavior, is
also some experimental data on the image microstruaiot fundamentally a correct theoretical expression.
ture. With the Yule-Nielsen model, estimates of the
factor are traditionally made by fitting the modelRo Observation One
versusF; data. With the current model, estimatesnof Experimentally it is well known that the nonlinearity
andv are chosen to fit the image microstructure dataof R versusF;is a manifestation of optical scattering of
The resulting values off andv provide an excellent fit light within the halftone imagé&® The ‘n factor” is re-

with the mean reflectanc®, versud-; data. ported to be a function of the spatial frequency of the
) halftone and of the various optical and spatial properties
Introduction of the ink and paper system. However, whereas excel-

lent theoretical work has been published to derive the
The first optical model of tone reproduction in the half- Yule-Nielsen expression from first principles, the Yule-
tone process was the Murray-Davies equation, first pubNielsen equation is found to result only from special lim-
lished in 1936.This model describes a linear relationshipiting assumptions!? It seems, therefore, that the
Yule-Nielsen equation is not a general expression that
R(F) =FR + (1 -F)R, (1) can be derived from first principles but an approxima-
tion of the underlying theory.
between the reflectanc®, of the halftone image and
the fractional areak;, of the image that is covered by Observation Two
halftone dots. The constariRsandR are the reflectance The Murray-Davies equation is essentially an ex-
of the ink and the paper, respectively. This model wagpression of the law of conservation of energy: photon
extended by Neugebaden 1937 to describe full-color energy in this case. Reflectance values are linearly re-
halftones. However, variation from linearity is typically lated to photon flux from the surface of the image, and
observed and is often modeled with a modification ofone would expect reflectance to add. The Yule-Nielsen
the Murray-Davies equation called the Yule-Nielsenequation sums reflectance, and thus photon flux, raised
equationd to a power. This expression seems contrary to the con-
servation of energy, and it seems unlikely that the
RF) = [FiR"" + (1 —F)R,M". (2) nonlinearity ofR-versusF; data is a manifestation of a
failure in the additivity of light energy.
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The thrust of the work described below has been to
preserve the linear additivity of reflectance in the
Murray-Davies model but to modify the model to ac- Ink Dot Bulk Paper
count for non-lineaR-versusF; behavior. This has been
done by recognizing th&; andR, are not constants, as
assumed in Eqgs. 1 and 2, but are themselves functions of
Fi.

Paper Between
the Dots

™~

Experimental Observations ofR; and R, as  H(R)
Functions of F;

Light that enters the paper between the dots may be scat-
tered laterally and emerge under a dot. Also, light enter-
ing the dot may scatter and emerge from the paper
between the dots. The result is that the valu&ab
higher than observed for the inkRgt= 1, and the value ) ,
of R, is lower than observed for the papefFat 0. The ' J

siglr?ﬁficance of these scattered photons is that the over- 00 02 04 06 08 1.0
all reflectance of the dots and paper between the dots is Reflectance

a function of the relative size of the dots. TiRiandR, Figure 2. Histogram of reflectance values for the image shown
are not really constants, but are functions-ofWe de- in Fig. 1.

note these functions &(F;) andRy(F;) to emphasize

the difference between the constant values assumed in
the Murray-Davies and Yule-Nielsen equations. Appen-
dix B summarizes definitions of different types of re-
flectance used in this manuscript.

The Ri(Fi) andRy(F;) functions are easily observed
experimentally. Figure 1 is a digital image micrograph ©
of a 65-Ipi halftone image generated by a desktop ink- (A)
jet printer. The dot coverage is 50%;  0.5), and a
region of unprinted paper is also shown. This image wad(R)
captured digitally, as described in Appendix A, and from
the digital image a histogram showing the frequency dis-
tribution of reflectance values in the image was gener- (B)
ated, as shown in Fig. 2. It is evident in this histogram
that the reflectance of the unprinted region of the paper }

is significantly higher than the reflectance of the paper
between the dots.

+

00 02 04 06 0.8 1.0
Reflectance

Figure 3. Reflectance histograms of ink-jet halftone gray scales
at (A) F =0.05, (B) F=0.5, and (C) FF= 0.90. Histogram
frequencies, H(R), are normalized to unity for the highest peak.

The histograms shown in Fig. 3 were generated from
digital images of the 65-Ipi ink-jet gray scale, excluding
the unprinted paper region. Data for different values of
F;, are shown and it is evident that Bsincreases, the
height of the peak corresponding to the paper between
the dots not only decreases, but also shifts to the left.
Simultaneously, the height of the ink peak increases and
shifts to the left. Mean values & andR,, taken to be
the peaks in the histograms, were measured as functions
of Fi. The data are summarized in Fig. 4. From Fig. 4, it
seems qualitatively that the limiting value Bf asF;
approaches zero is the sameRa# the limit asF; ap-
proaches 1. This makes sense if we consider the scatter-
ing of light within the paper in the halftone image. As
Figure 1. Micrograph of halftone pattern at approximately F illustrated in Fig. 5, the light emerging from the paper
= 0.5 from a 65-Ipi ink-jet engine. between the dots may have come from light incident on
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the paper between the dots or from light incident on théix A. Then if we approximate the valuesR®in the two
dot and scattered into the paper between the dots. If thetegrals by the peak valueR(F;) andRy(F;), from the
dot spacing is significantly larger than the average scatistograms at each value Bf we have

tering distance, the latter photons can be ignored and

the paper reflectance will be the same as the bulk reflec- R

tance of the papeRy. However, a$; approaches unity, R= R(Fi)fo H(R)dR+ Rp(':i)f; H(R)dR ®)
the majority of photons emerging from the paper are

those that first passed through a dot. In this case, thEhe two integrals in Eq. 5 are the fractidghsindF, = 1

limiting reflectance will beRyT;, whereT; is the trans- —F;. Thus we have the Murray-Davies equation,
mittance of the ink layer. Similarly, it is evident that
photons emerging from the dot in the limit Bsap- RFi) = FR(F) + (1 —F)Ry(F), (6)

proaches zero come predominantly from photons inci-
dent on the paper and scattered to emerge from the pagerwhich the functionsR(F;) andRy(F;) have replaced
under the dot. Again the limiting reflection will BRgT;. the constants for paper and ink reflectance.
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Figure 4. Ink-jet halftone data at 65-Ipi. Reflectance versus

dot area fraction, F for overall reflectance, R(}F ink reflec-

tance, RF;), and reflectance of paper between the dg(&R Figure 5. Illustration of the scattering of light relative to the

Solid lines are modeled with w = 0.526. distance between dots. (A) small dots,rfear zero, and (B)
large dots, Fnear unity.

A Model That is Linear in Reflectance
One can test the efficacy of Eq. 6 as a model for
At any given value ofs, the macroscopic reflectance, halftone imaging by analysis of histogram data. From
R, that one measures with a traditional densitometer ahe histogram, experimental valuesFpfmay be deter-
spectrophotometer is an average reflectance over the fieldined by integration from= 0 tor = R.. Also, values of
of view of the instrument. This field of view is typically R(F;) andRy(F;) are measured directly at the histogram
large relative to the size of the halftone dots. The aregseaks. Equation 6 can then be used to calculate the mean
of the images captured to produce histogram data sudmage reflectanc®(F;), and this value can be correlated
as that in Fig. 3 were large relative to the dot size, swith the reflectanceR,, measured with a large aperture
that the same mean reflectance can be calculated frodensitometer or calculated from the overall histogram,
the data in the histogram. Because the histogram is wsing Eq. 3. Figure 6 shows such a correlation for the
probability density function, its integral from= 0 tor 65-Ipi ink-jet halftone image. For comparison Fig. 7
= 1 is unity. Thus the average reflectance value in thehowsR calculated from the Yule-Nielsen equation cor-
image may be calculated from the histogram as followsrelated withR,. The value oh in Fig. 7 was chosen to
provide the minimum RMS deviation betweBgn and
R:_Ii RIH(R)dR 3 R(F). It is evident that Eq. 6, essentially the Murray-
Davies equation, provides as good a model as the Yule-
Nielsen equation, provided th&(F;) and Ry(F;) are
R recognized as variable parameters rather than as con-
R=], RDH(R)dRJrJ/; RIH(R)dR (4)  stants. The experiments shown in Figs. 6 and 7 were re-
peated for traditional halftone gray scales printed with a
The intermediate reflectancB,, is a threshold re- variety of printing technologies, and the results are sum-
flectance between dot and paper, as defined in Appemnarized in Table |I.

We can integrate this function in two parts.
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Modeling the Ri(Fi) and Ry(Fi) Functions:
Light Scattering

1 T T T T

| Correlation, r = 0.9990

The data in Table | indicate that Eq. 6 may indeed serve
as a halftone model provided the individual components,
Ri(Fi) andR,(F;), can be modeled. To develop empirical
. models ofRi(F;) and ofRy(F;), we first examine the be-
havior of the ink and paper reflectance factors from im-
age histograms as summarized, for example, in Fig. 4.
u/u/ We note thaRi(F;) andRy(F;) vary between limits ab;

varies from 0 to 1. This behavior may be summarized
B / " empirically as follows.

e L @
=] o
T

Equation (6)
Y
T

Reflectance from

<
[

J RgTiSRp(Fi)SRg for 1<F <0

0 0.2 0.4 0.6 0.8 1
Measured Reflectance

o

and
R’ <R(RF)<RT for 1<F<0
Any of a variety of linear and nonlinear functions

Figure 6. Reflectance values calculated with Eqg. 6, using meamight be written to modé,(F;) andR,(F;) between these
sured values of Ri, Rp, and F versus measured values of magmijts. By trial and error, the following functions have

roscopic reflectance. been found to fit experimental data quite well.
t : : : | R(F)=RT[1-(1-T)R"] (7)
Correlation, r = 0.9993 / Ry(F,) = R[1-(1-T)(@-F"], (8)

o
o0

/ whereF; = 1 —F,.
These functions contain two independently measur-
. able parameters, the bulk reflectance of the unprinted
paperR; =R, atF = 0, and the transparency of the ink,
Ti = (R/Ry)Y? for R measured af; = 1. These param-
eters are analogous to the const&#endR, in the Yule-
Nielsen model. Also, as in the Yule-Nielsen model, an
1 arbitrarily chosen power factow, is selected to provide
the best fit to experimental data. The lines drawn in Figs.
1 L ! ! 4, 8, and 9 illustrate the fit of Eqs. 7 and 8 to experimen-

0.2 0.4 0.6 0.8 1 tal data from three different printing processes. In each

case the index of fit was defined as the square root of
Measured Reflectance the mean squared (RMS) deviation between the data

points and the model at each value=afThe RMS de-

Figure 7. Reflectance values calculated with the vule-NielseNiation was calculated over both tRgF;) and theRy(F;)

equation versus measured values of macroscopic reflectance. TH&ta for a single index of fit. The same valuenofvas

n value was chosen to maximize the correlation coefficient. ~ Selected for both thi(F;) and theR,(F;) data, and the
value ofw was selected to minimize the RMS deviation.

<
()
T

Reflectance from
Yule-Nielsen Model
o o
(TS

(=]
o

TABLE I. Root mean square (RMS) deviation between measured values of reflectance and reflectance calculated with the
Murray-Davies equation (Eq. 1), the Yule-Nielsen equation (Eq. 2), and with Eq. 6. Values of Yule-Nielsemwere selected
to produce the highest correlation.Values oR, and R, in Eq. 6 were measured from histogram data at each value &f.

RMS deviation

Halftone Equation 1 Equation 2 Equation 6
Printing process frequency, (Ipi) Murray-Davies Yule-Nielsen n New model
Thermal transfer 65 0.063 0.020 1.45 0.016
Ink jet 65 0.045 0.016 1.62 0.019

Ink Jet 100 0.047 0.021 1.70 0.027
Offset litho 65 0.026 0.019 1.60 0.024
Offset litho 150 0.017 0.015 1.40 0.010
1-D offset litho* 60 0.012 0.008 2.0 0.009
Stochastic photo 330dpit 0.055 0.016 2.0 0.009

* The 1-D system is a one-dimensional halftone with lines instead of dots.
T The stochastic photo process was produced from a film tint contact-printed on was 1800 dpi, and stochastic halftonaskesivierd to be 330 dpi.
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An overall model ofR versusF; may then be achieved limiting values significantly overshoot each other.

by combining Eqgs. 6, 7, and 8. With only the bulk con-Whereas several factors may contribute to this phenom-

stantsR, andT;, and the power factow, a reasonably close enon, we would like to suggest the following modifica-

fit to the data is achieved, as shown in Figs. 4, 8, and 9. tion to the above empirical model that seems to account
for the data quite well.
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Figure 8. Offset lithographic halftone data at 65 Ipi. Reflec- Figure 10. Offset lithographic halftone data at 150 Ipi. Re-
tance versus dot area fraction;, For overall reflectance R(}; flectance versus dot area fraction;, For overall reflectance
ink reflectance RF;), and reflectance of paper between the R(F), ink reflectance, &) and reflectance of paper between

dots R(F;). w = 0.225. the dots, R(Fi). w = 0.357 and v = 0.30.
1 ! 1 I L . . .
3--«,\ B As suggested schematically in Fig. 11, the edges of
° dots may not be entirely square. Any feathering of the
0.8} o dot near its edge will result in a dot transmittanEe,
L e that is lower near the edge of the dot. If this occurs, then
,":’ 0.6 |- A the transmittancel;, in Eq. 7 will approach zero &5
i I approaches zero. To account for this behavior, we would
3 like to suggest substituting for the prod&gT; in Eq. 7
5 0.4« a function that varies froRyT; to Ry asF; varies from 1
[ to 0. The following model is proposed
x 3
02k 7 R(F)=Ry[1-(1-T)R"1M-(1-T)F"]. (9)
T ey e *4,0
0 : IR T S e Similarly, asF; approaches unity, the paper between
0 0.2 0.4 0.6 0.8 1 the dots may fill with colorant, as suggested schemati-

! cally in Fig. 11. If this occurs, then the apparent reflec-
Dot Area Fraction, F, tance of the paper will decrease. To account for this
behavior, we would like to suggest substitutingRgin
Figure 9. Thermal wax transfer data at 65 Ipi. ReflectanceEq. 8 a function that varies froRy, to RyT; asF; varies
versus dot area fraction, Fi, for overall reflectance Rk from O to 1, or a$, varies from 1 to 0. The following
reflectance RF;), and reflectance of paper between the dotsmodel is proposed.

Ro(F;). w = 0.443,
Ry(Fp) = R[1-(1-T)A-F"M-1-T)F1  (10)

Modeling the Ri(F;) and Ry(F;) Functions: The power factory, may be thought of as a factor
Distribution of Transmittancy that models the softness of the dot edges.=f0, the
dots are perfectly sharp and Egs. 9 and 10 reduce to Egs.

The data in Fig. 8 were generated from a 65-Ipi halfton& and 8. However, with addition of this dot softness func-
gray scale produced with an offset lithographic presstion to the model, theolid linesshown in Fig. 10 result
The same press, ink, and paper used to print this 65-lgind provide a reasonable fit to the data. Similarly, the
gray scale were used to print a 150-Ipi halftone graylata shown for the thermal print engine at 65 Ipi and the
scale. Histogram analysis of the 150-Ipi images resultedtochastic image at 330 Ipi are shown in Figs. 12 and 13.
in the data shown in Fig. 10. Clearly, the idea B@nd  The values oR(F;) andRy(F;) in these cases also can be
R, approach a common limit is not true in this case. Théit well with the proposed model only with> 0.
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the new model produces numerically identical results to
(A) F, —> 0.00 Yule-Nielsen at = 2 when eithew or v is unit. How-
Ti -—> 1.00 ever, at intermediate valuesmfw,andv, the two mod-
v els do not produce identical numerical results at every
value ofF;. It may be possible, therefore, to observe a
better fit of one model over another, provided experi-
mental error can be reduced sufficiently to detect the
difference between the models. Thus far, the experimen-
tal variability in the data we have generated is insuffi-
cient to distinguish the two models.

1 1 f I I
0.8
@
S
5 0.6
O
= :
5 04}
Figure 11. lllustration of the scattering of light relative to P& :
thedistance between dots and the shape of the dot edges. (A) 0.2
small dots Fnear zero, and (B) large dots; Rear unity. - _
g
1 ] ' ‘ ‘ ‘ 0 r I | | "I
o e ¢ 02 04 06 08 1
0.8F - G ] Dot Area Fraction, F,
5 0.6 - T Figure 13. Stochastic halftone at 330 Ipi. Reflectance versus
3 : 6. dot area fraction, F for overall reflectance R(J; ink reflec-
% 0.4 *“ s tance, RF;), and reflectance of paper between the dogériR
oY . _ w = 0.654 and v = 0.003.
x e J
021
x - T g 04 The new model, with constanisandv, has a disad-
o L . il vantage over the Yule-Nielsen model in that it is more

1 1 1 1
0 0.2 0.4 0.6 0.8 1 complex to apply and does not provide a clear advan-
N tage to fittingR versusF; data. The new model does,
Dot Area Fraction, F; however, provide a description of some features of the
image microstructure. That iBj(F;) andRy(F;) are also
Figure 12. Thermal wax transfer data at 65 Ipi. Reflectancemodeled. Moreover, two different effects, the light-scat-
versus dot area fraction,;For overall reflectance R(F; ink  tering effect and the dot-shape effect, are separately mod-
reflectance RF;), and reflectance of paper between the dotseled. Unfotunately, the functions that model dot-shape and

Ro(Fi). w = 0.31 and v = 0.10. scattering are identical, and this leads to some ambiguity.
_ _ Based solely oRR, R, andR, data versug;, one cannot
Discussion unambiguously distinguish between scattering and dot-

shape effects. While the model can be compared directly
The values oh chosen to fit the Yule-Nielsen equation with experimentally observed valuesRifF;) andR,(F;),
typically lie between 1 and 2. Pears@ripr example, measured dot profiles df, or of mean doT; versusF;
suggests a mean value of 1.7 to fit most routine applicarave not been achieved experimentally. Such additional
tions of the Yule-Nielsen function. Moreover, theoreti-image microstructure information would be of consid-
cal analysis suggests that 2 is a theoretical limit unless erable interest in further developing the model. Never-
factors other than the optical scattering of light are intheless, the current model does preserve the linearity of
volved!! Bothw andv in the model suggested by Eqgs. photon additivity and is offered as an incremental ad-
6, 9, and 10 are limited to the range 0 to 1 by the empirivance in both our experimental and theoretical under-
cal arguments from which the equations were derivedstanding of the optical properties of ink-on-paper images.
If one compares the behavior of the Yule-Nielsen equa-
tion with Egs. 6, 9, and 10, it is easy to demonstrate that Acknowledgments
the two models are numerically identical under some,
but not all, conditions. For example, both models reduc&he authors would like to express their appreciation to
to Murray-Davies ah = 1 and awv =v = 0. Moreover, the 3M Company for support of this project. Special
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gray scale was a UGRA Select Velvet screen generated

with an Agfa Select Set 7000 image setter. The output

Appendix A: Experimental Procedures

screen tint was contact printed onto Kodak Quartz Con-

tact Paper, a very high resolution, high-contrast photo-

Image Capture and Reflectance Calibration
The images in this study were captured with a Model
4810 CCD camera (COHU Electronics, San Diego, CA)
onto a VISONplus-AT OFG frame grabber (Imaging
Tech. Inc., Bedford, MA) in a 486/50/DX2 type PC. The
frame grabber and camera were controlled by IMLABF;
software (Warner Frei, Santa Monica, CA). The image~,
field of view was 2.50x 2.26 mm, and the image was R,
digitized at a pixel resolution of 5X462. Image analy-
sis was accomplished with software routines develope®,
by the authors, and the IMLAB software provided an
available and convenient shell for writing and runningR,
the programs. lllumination was achieved with a ring fi-T;
ber optic illuminator attached to the microscope objec-

graphic print paper.

Appendix B: Glossary

Dot area fraction.
Paper area fractioRp = 1 —F;.

= Reflectance of the halftone ink dot, assumed to

be a constant in Egs. 1 and 2,

= Reflectance of the paper between the dots, assumed

to be a constant in Egs. 1 and 2.

Intrinsic reflectance of the paper substraftg at0O,
Intrinsic transmittance of the ink layer of the dot
atF=1,

tive. As shown previousli the pixel values from the R,(F;) = Mean value of reflectance of paper between half-

camera used in this work are linear with respect to the
reflectance factor of the object being imaged. Pixel val-
ues were translated into reflectance factors by calibra-

tone dots, measured experimentally from a peak
in the histogram distribution of reflectance, and
observed to be a function of the dot area frackpn,

tion against a dark frame, captured with the lens cap iR(F;)) = Mean value of halftone ink dot, measured experi-

place, and against a white reference. In all cases, the
white reference was an unprinted region of the paper it-
self. Thus reflectance values reported in this project are

all relative to the reflectance of the paper substrate. EXH(R)
cept for the stochastic gray scales, the same paper was

used for all experiments. The paper was a coated shelgt
with a measured visual reflectance of 0.87.

Calculation of Fractional Dot Area, F;

Once the image had been captured and calibrated, it
was displayed on a relative pixel scale of 0 to 255, cor-
responding to a reflectance range of 0 to 1. An image.
histogram, defined as the frequency distribution of re2,
flectance values in the image, was calculated. Figure 2.
is an illustration. The reflectance value in the histogram
corresponding to the transition point between dot and.
paper was defined as the region of maximum rate of.
change in pixel valuegR/dx, in moving from the center 6.
of a dot Ryin) to the center of the papd®(s,). This tran-
sition reflectance, calleR; in Eq. 4, was estimated ex- 7.
perimentally by performing a software line scan across.
the images of several dots and numerically averaging
several transition reflectances. The valué&oivas then o9,

determined by integrating the image histogram up to theo.

mean value oR.

11.

Halftone Samples

With the exception of the stochastic gray scale, alh2.
halftones were printed on the same coated paper stocks.
Offset lithographic images were printed by the RIT T&E 14,

Center, using oil-based ink. Thermal-transfer and ink-
jet images were printed by the RIT Research Corpora-
tion on proprietary laboratory machines. The thermab
transfer engine was a CalComp 6603-XF, capable of 300-

mentally from a peak in the histogram distribu-
tion of reflectance, and observed to be a function

of the dot area fractiof;.
= Relative frequency of occurrence of a giRin a
histogram.

= Reflectance at the boundary between ink dot and
paper, used to signify the threshold between ink

and paper,
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